Abstract-An analysis of quasi-optical unstable Bessel-Gauss resonator (QOUBGR) at millimeter wavelengths is presented in this paper. The QOUBGR, formed by a conical mirror and a convex mirror, is designed on the basic of quasi-optical theory and techniques. For the purpose of precisely analyzing the designed QOUBGR, a new algorithm known as iterative dyadic Green's functions (IDGF) is proposed, which originates from famous Fox-Li algorithm. The IDGF algorithm can calculate not only two-dimension (2-D) but also three-dimension (3-D) resonating modes in the cavity. Simulation results demonstrate that the designed QOUBGR can steadily support both zero-order and high-order resonant modes that are approximations to Bessel-Gauss beams. These beams will find their promising applications in the MM-and/or quasi-optical imaging and measurement systems.
INTRODUCTION
A Bessel beam was first introduced into optics by Durnin and coworker in 1987 [1, 2] . Subsequently, a Bessel-Gauss beam was also proposed by Gori et al. in the same year [3] . These Bessel-type beams own many novel characteristics, such as extremely narrow transverse of intensity, excessively large depth of field, and very long range of propagation. Therefore, lots of potential applications can be found in physics, chemistry, biology, and engineering, for instance, imaging [4, 5] , micromanipulation [6, 7] , and measurements [8] . From then on, the research of effective generation of these beams has attracted much attention in the world. As a result, a large number of approaches to produce Bessel or Bessel-Gauss beams have been reported [9] [10] [11] . Up to now, the proposed methods can be roughly categorized into passive and active schemes [12] [13] [14] . When compared with the passive scheme that needs an optical element to transform an incident beam into a Bessel or Bessel-Gauss beam, the active one has the advantages of improving quality and achieving frequency conversion of output beam, which commonly utilizes a cavity to directly generate a Bessel or Bessel-Gauss mode. Hence the latter has become a popular way to create the Bessel or Bessel-Gauss beam [15] [16] [17] [18] . Additionally, the Bessel-Gauss beam is easier to be produced than the Bessel beam, since the ideal Bessel beam owns an infinite bound in the cross section and possesses an infinite amount of energy [14] .
In the previous work, the Bessel resonator [19] and stable Bessel-Gauss resonator [20] were analyzed by using ISCF (iterative Stratton-Chu formula) algorithm. In the present paper, we report our latest research result. A QOUBGR at mm-wave bands is formed by using quasi-optical theory and techniques. In order to exactly evaluate the resonating mode of the designed QOUBGR, a new algorithm, named as IDGF algorithm, is exploited based on the classical Fox-Li algorithm. The IDGF algorithm, which uses dyadic Green's function to evaluate the diffractive field in the cavity, is more rigorous than the ISCF algorithm that employs Stratton-Chu formula to calculate the resonating mode. Moreover, it can analyze not only 2-D but also 3-D resonant modes in the cavity, but the ISCF algorithm can compute only 2-D distribution. Simulation results indicate that the designed QOUBGR can stably support both zero-order and high-order resonant modes which are approximations to Bessel-Gauss beams. The beams generated from the designed QOUBGR may find their potential applications in the mm-and/or quasi-optical systems [21] .
The rest of the present paper is organized as follows. A design of QOUBGR is described in Section 2. Section 3 introduces the IDGF algorithm in detail. Analysis results of the designed QOUBGR are presented in Section 4. A brief summary is given in Section 5.
QOUBGR DESIGN
To conveniently introduce the design principle of QOUBGR, we must first recognize the Bessel and Bessel-Gauss beams. In the cylindrical coordinates system, an ideal mth-order Bessel beam can be given by [1, 2] U
Then the mth-order Bessel-Gauss beam in the paraxial condition can be approximated by [15] 
The mth-order Bessel-Gauss beam at its waist (z = 0) may be simplified as [3, 22] 
where the subscripts BB and BGB identify the Bessel and Bessel-Gauss beam, respectively. U 0 is a constant and J m the mth-order Bessel function of the first kind. ρ, ϕ, and z are the radial, azimuthal, and longitudinal coordinates, respectively,
, k ⊥ and k z represent respectively the radial and axial wave numbers, k ⊥ = k sin θ. θ is the conical angle of the Bessel beam, λ a wavelength in free space, and w 0 the waist radius of the corresponding Gaussian beam.
represents the radius of Gaussian beam propagating to the distance z from its waist (z = 0). z R = kw 2 0 2 denotes the Rayleigh range of the beam, Φ(z) = k(1 − θ 2 2)z − arctan(z/z R ) the axial phase of the Bessel-Gauss beam, and R g (z) = z + z 2 R z the wave-front curvature of Gaussian beam. Figure 1 illustrates the 3-D intensity distributions for Bessel beam and Bessel-Gauss beam at its waist (z = 0), respectively. The zero-order Bessel and Bessel-Gauss beams have a maximum intensity at the center, but at the same place the intensity distributions of high-order Bessel and Bessel-Gauss beams are null. It can be observed from Fig. 1 that the radial distribution of an ideal Bessel beam extends to infinite far, but the scope of radial extension of Bessel-Gauss beam is limited, due to the modulation of Gaussian function. Therefore, the generation of approximation to Bessel-Gauss beam may be much easier theoretically and experimentally than that of Bessel beam. The phase distributions of zero-order and high-order Bessel-Gauss beams at their waists are shown in Fig. 2 , in which one can see that the phase distribution of zero order is circularly symmetric but that of high order exhibits odd symmetry about the central point, however, both are ring-shaped profiles. When comparing Eq. (1) with Eq. (3), the mth-order Bessel-Gauss beam at its waist may be explained as the mth-order Bessel beam modulated by a Gaussian function. Accordingly, the wavefront of Bessel-Gauss beam can be considered as a superposition of conical wavefront of Bessel beam and spherical wavefront of Gaussian beam. It is known that if one wants to obtain some field expected, he may form a resonator with end mirror that conjugates the radial phase of this field [15] . Therefore, to produce Bessel-Gauss beam, we can design a resonator that consists of a conical mirror and a spherical mirror. Provided that the spherical mirror is concave, one can form a quasi-optical stable Bessel-Gauss cavity [20] . On the contrary, a convex spherical mirror can be employed to model a quasi-optical unstable Bessel-Gauss resonator (QOUBGR), as illustrated in Fig. 3 . The base planes of conical mirror and convex spherical mirror are perfectly reflective; therefore the electromagnetic wave in the cavity can round trip propagate and excite the resonating mode. The related parameters of the QOUBGR are: α represents the conical angle of conical mirror, A 1 and A 2 denote respectively the aperture radii of conical mirror and convex mirror, and A 2 = 2A 1 , R 1 is the radius of curvature of convex mirror. The cavity length L between conical and convex mirrors can be computed by [13, 16, 17] 
IDGF ALGORITHM
It is well known that the optic resonator can be analyzed by the famous Fox-Li algorithm, which was first proposed by Fox and Li in 1960 [23] . The Kirchhoff scalar diffraction theory is used to calculate diffraction field of the resonator in Fox-Li iterative algorithm. The validity of Kirchhoff theory is based on several assumptions, of which the following are the most important: the numerical aperture (NA) is rationally small; the Fresnel number is very large; and the incident radiation is unpolarized [24] . Violation of any of these three assumptions can make the Kirchhoff analysis invalidated. Unlike the optical elements or systems, at mm-wave bands these elements or systems can no longer satisfy simultaneously the constraints mentioned above. Consequently, the Fox-Li algorithm is unfit to analyze the resonator at millimeter wavelengths. To conquer this problem, in our previous work [19, 20] , we had developed an iterative method named as ISCF algorithm, in which the Stratton-Chu formula is utilized to calculate the electromagnetic field in the resonator. On the foundation of the ISCF algorithm, now we develop a new program called as IDGF algorithm to further improve analysis precision of the cavity. In addition, this algorithm has an important characteristic of calculating 3-D resonant mode when compared with the 2-D ISCF algorithm. The IDGF algorithm employs the dyadic Green's function to compute the diffraction field inside the cavity. The dyadic Green's function theory is an extremely powerful and efficient way in the study of electromagnetic wave propagation and scattering, and has been extensively developed to solve so many electromagnetic problems [25] [26] [27] [28] [29] [30] . The electric and magnetic field components E and H of the dyadic Green's function diffraction integral formula can be written as [25] 
Or in matrix form
whereḠ ee r, r = −jωμḠ e r, r Ḡ mm r, r = −jωεḠ e r, r Ḡ em r, r = −Ḡ me r, r = −Ḡ m r, r
G ee ( r, r ) andḠ mm ( r, r ) are called respectively electric and magnetic type dyadic Green's functions; G em ( r, r ) andḠ me ( r, r ) are called respectively electric-magnetic type and magneticelectric type dyadic Green's functions; G 0 ( r, r ) is the free-space scalar Green's function. r(x, y, z) and r (x , y z ) are an arbitrary observation point in the far region and an source point on the integral surface S , respectively. ω and ε denote the angular frequency and the permittivity, respectively. J ( r ) and M ( r ) mark respectively electric and magnetic current density on the surface. Unit vector n is the outer normal of the integral surface S . When Eq. (6) is utilized to compute the electromagnetic fields diffracted by a perfectly conducting surface, the boundary conditions of n × E = 0 on perfectly conducting surface must be considered. Then Eq. (6) can be simplified by
In which the fact that n × H ( r ) = 2 n × H i ( r ) on the perfectly conducting surface is used, and H i represents the incident magnetic field vector. According to resonator theory, the steady-state field will be obtained after electromagnetic wave round trip propagates enough times in the cavity. Its relative distribution is not affected by the diffraction, and it can be self-reproduction after round trip propagating. The only thing that seems to change is that its amplitudes attenuate on the same proportion and its phases delay on the same size. This steady-state field is also called as self-reproduction mode [31] .
The process of IDGF algorithm corresponds to that of electromagnetic wave round-trip propagation in the cavity. As depicted schematically in Fig. 4 , in order to describe easily and compute handily, we split one round-trip propagation into two one-way transits. At the first transit, assuming that the initial Figure 4 . Schematic for the improved IDGF algorithm. S 1 and S 2 represent respectively the inner surfaces of the mirrors M 1 and M 2 ; unit vector n 1 and n 2 denote the outer normal of the S 1 and S 2 , respectively; R 1 and R 2 are the aperture radii of the M 1 and M 2 , respectively; L is the cavity length and α is the conical angel of the mirror M 2 ; H q+1 marks the field distribution after the qth-time transit.
field H 1 ( r 1 ) on the mirror M 1 propagates to the mirror M 2 , the diffraction field H 2 ( r 2 ) on the mirror M 2 may be calculated by Eq. (8)
At the second transit, from mirror M 2 to mirror M 1 , the field H 3 ( r 1 ) can be obtained by
Based on the self-reproduction principle introduced above, a following relationship between H q−1 and H q+1 can be obtained after q times transit (q enough large).
where H denotes the eigen field distribution on the mirror M 1 or M 2 ; γ is the complex eigen value independent of the position coordinate, which defines the fractional power loss per round trip
and the additional phase shift per round trip
The procedure of executing IDGF algorithm can be summarized to four main steps: (A) supposing there exists an initial field distribution H 1 ( r 1 ) on the mirror M 1 , in general, the arbitrary initial distribution is permitted; (B) substitution of H 1 ( r 1 ) into Eq. (9) yields H 2 ( r 2 ) on the mirror M 2 ; (C) normalizing H 2 ( r 2 ), i.e., | H 2 ( r 2 ) | max = 1, and then substituting it into Eq. (10), obtains H 3 ( r 1 ) on the mirror M 1 ; (D) repeating this iterative process until the relative field distribution reaches a steady state that satisfies Eq. (11). The obtained field distribution can be regarded as an iterative normal mode of the resonator [23] .
ANALYSIS RESULTS
The QOUBGR can be easily designed according to the configuration of resonator illustrated in Fig. 3 . The relevant parameters for the simulated QOUBGR in the present work are as follows: R 2 = 60 mm; Fig. 1(a) and Fig. 2(a) , respectively, one can infer that the resonant mode is an approximation to zero-order Bessel-Gauss beam, known as the pseudo Bessel-Gauss beam [20] . In order to generate high-order mode, for example, first-order mode, one should change the initial exciting field distribution. Provided that H 1 (x 1 ≥ 0, y 1 , z 1 ) = y, and H 1 (x 1 < 0, y 1 , z 1 ) = − y on the convex mirror, we can obtain finally the first-order mode, as illustrated in Fig. 6 . Unlike the zero-order mode, the first-order mode has a minimum intensity at the center of convex mirror, and its phase distribution is odd-symmetric about center point and still displays a ring-shape profile. Additionally, if an initial field distribution on the convex mirror M 1 is presented as:
y, the second-order resonating mode can be excited, as shown in Fig. 7 . The second-order mode is partly similar to the first-order mode, i.e., both modes have the same location of the minimum intensity, and their phase distributions show odd symmetry about center point and appear ring-shape profile. However, both intensity and phase distributions of the second-order mode are more complex than those of the first-order mode. By observing carefully Figs. 5(b), 6(b), and 7(b), one can find that zero-order mode has zero sector, first-order mode is two sectors, and third-order mode owns four sectors, in other word, the mth-order mode has 2m sectors. This is consistent with the Bessel-Gauss beam theory.
However, it is worth pointing out that the resonating modes given in Figs. 5-7 is a little different from those illustrated in Figs. 1 and 2 . This is because the observing plane is not the same. The observing plane of an ideal Bessel-Gauss beam is located at the waist of Gaussian beam, but that of the generating mode is situated at the convex mirror M 1 . Another reason is that the aperture radius of the designed QOUBGR is limited, and this can also affect the distribution of resonating mode.
Finally, according to Eqs. (12) and (13), the values of the power loss and phase shift per round-trip can be computed receptively as follows: for zero-order mode, δ 0 = 12.75% and Φ 0 = 135.26 • ; for firstorder mode, δ 1 = 23.88% and Φ 1 = 141.95 • ; for second-order mode, δ 2 = 27.04% and Φ 2 = 305.01 • . A conclusion can be drawn from these results that the values, whether the power losses or the phase shifts, become larger as the order increases.
SUMMARY
The QOUBGR composed by a conical mirror and a convex mirror is designed on the basic of the quasioptical theory and techniques. To more rigorously analyze the designed QOUBGR, we have exploited the IDGF algorithm, which employs dyadic Green's functions to evaluate the diffraction field in the cavity and can output 3-D resonant mode. A conclusion can be drawn readily from numerical results that the resonating modes in the designed QOUBGR are approximations to Bessel-Gauss beams. The potential applications of these beams will be found in the MM-and/or quasi-optical system, such as MM-wave imaging, medium parameter measurement, and remote bunching propagation of electromagnetic energy.
